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STRUCTURE OF T MODULES AND RESTRICTED DUALS: THE CLASSICAL
AND THE QUANTUM CASE
Dijana Jakelic´∗
Department of Mathematics, University of Virginia, Charlottesville, VA 22904
ABSTRACT
A concrete realization of Enright’s T modules is obtained. This is used to show
their self-duality. As a consequence, the restricted duals of Verma modules are also identified.
1 INTRODUCTION
In [5], T. Enright introduced a completion functor on the category I(g) of representations of a
finite dimensional complex semisimple Lie algebra g. Using this functor, he constructed algebraically
the fundamental series representations. In [3], V. Deodhar realized the functor via Ore localization
and thus gave an explicit way of constructing completions which also enabled him to prove Enright’s
uniqueness conjecture arising in successive completions. Later in [9], A. Joseph generalized the
functor to the Bernstein - Gelfand - Gelfand category O(g) and gave a refinement of the Jantzen
conjecture.
As completion is associated with a simple root, the whole process is built up from the sl2-case.
In particular, Enright introduced T modules for sl2 and showed that, together with Verma modules,
they comprise all indecomposable objects of the category I(sl2) and every module in this category is
a direct sum (not necessary finite) of indecomposable ones. More recently, Y. M. Zou [14] extended
∗Current address: Department of Mathematics, University of California, Riverside, CA 92521. E-mail:
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the notion of completion, Deodhar’s approach, and results related to T modules to the quantum case
when q is not a root of unity. These extensions go through smoothly with necessary adjustments to
accomodate q-integers.
In this paper, we are concerned with an explicit structure of T modules. The necessity for such
description arose in our study [7] of the interaction between completions and crystal bases introduced
by M. Kashiwara [11]. A concrete realization of T modules is obtained in a self-contained manner
by constructing their bases via PBW basis of Uq(sl2) (Theorem 1). Consequently, the structure
of any module in I (Uq(sl2)) becomes completely transparent. Moreover, Theorem 1 provides an
elementary proof of [1, Proposition 3.10] and [4, Proposition 4.3].
We study the restricted duals of all objects in the category I (Uq(sl2)) for which this notion
is defined (Section 3). In particular, the self-duality of T modules is naturally revealed from the
explicit structure obtained in Theorem 1. The dual structure of Verma modules then follows.
Although we present the aforementioned results for the quantum case, the proofs can be carried
out similarly for the classical case. The corresponding statement of Theorem 1 in the classical case
can be obtained, as usual, by setting k = C(q) with q transcendental over C, t = qh, ǫ = 1, and
letting q → 1. The corresponding statements of the remaining results are equally self-evident.
2 CATEGORY I AND T MODULES
Let g be a finite dimensional complex semisimple Lie algebra and (aij)1≤i,j≤l the corresponding
Cartan matrix. There exist unique positive integers di, i = 1, . . . , l, such that gcd (d1, . . . , dl) = 1
and the matrix (diaij)1≤i,j≤l is symmetric. Let k be a field and q ∈ k such that q 6= 0 and
q2di 6= 1 (1 ≤ i ≤ l). Denote qi = q
di . The quantized enveloping algebra Uq(g) is the algebra over k
2
with generators ei, fi, ti, t
−1
i , 1 ≤ i ≤ l, and defining relations
tit
−1
i = 1 = t
−1
i ti, titj = tjti,
tiejt
−1
i = q
aij
i ej , tifjt
−1
i = q
−aij
i fj ,
eifj − fjei = δij
ti − t
−1
i
qi − q
−1
i
,
1−aij∑
s=0
(−1)se
(s)
i eje
(1−aij−s)
i = 0,
1−aij∑
s=0
(−1)sf
(s)
i fjf
(1−aij−s)
i = 0 (i 6= j)
where as usual e
(n)
i =
eni
[n]i!
, f
(n)
i =
fni
[n]i!
, [n]i! = [1]i[2]i . . . [n]i (n ∈ N), and [n]i =
qni − q
−n
i
qi − q
−1
i
(n ∈ Z).
In particular, the following commutation relations hold for s ∈ N:
eif
s
i = f
s
i ei + [s]if
s−1
i [ti; 1− s], fie
s
i = e
s
ifi − [s]ie
s−1
i [ti; s− 1] (1)
where [ti; a] =
qai ti − q
−a
i t
−1
i
qi − q
−1
i
for a ∈ Z.
As an immediate consequence of the definition of q-integers, we have:
Lemma 1. [a+ k]i[b+ k]i − [a]i[b]i = [k]i[a+ b+ k]i for all integers a, b, and k.
Denote by U+q (g) (resp. U
−
q (g)) the subalgebra of Uq(g) generated by ei (resp. fi), 1 ≤ i ≤ l.
Henceforth, assume chark 6= 2, 3 and q is not a root of unity in k. We recall few definitions
following [5] and [14].
Let I (Uq(g)) be the category of Uq(g)-modules M satisfying (i) M is a weight module, (ii)
U−q (g)-action on M is torsion free, and (iii) M is U
+
q (g)-finite, i.e. ei acts locally nilpotently on M
for all i.
Fix i ∈ {1, . . . , l}. Set Mλ = {m ∈M | tim = λm} for λ ∈ k
× = kr {0}, M ei = {m ∈M | eim =
0}, and M eiλ = Mλ ∩M
ei . A module M in I (Uq(g)) is said to be complete with respect to i if
fn+1i : M
ei
ǫqn
i
→ M ei
ǫq
−n−2
i
is bijective for all n ∈ N0 and ǫ = ±1. A module N in I (Uq(g)) is a
completion of M with respect to i provided (i) N is complete with respect to i, (ii) M is imbedded
in N , and (iii) N/M is fi-finite.
Now, we can consider g = sl2. For brevity, we write Uq = Uq(sl2) and I = I (Uq(sl2)).
Henceforth, ǫ = ±1 and [n] =
qn − q−n
q − q−1
, etc. Note that the Verma modules M(λ) with λ ∈
k× r {ǫq−n−2|n ∈ N0} are complete and the completion of M(ǫq
−n−2) (n ∈ N0) is M(ǫq
n). The
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quantum Casimir element C =
qt+ q−1t−1
(q − q−1)2
+ fe acts on each M(λ) (λ ∈ k×) as multiplication by
the scalar
qλ+ q−1λ−1
(q − q−1)2
. For n ∈ N0, the left ideals I(n, ǫ) and J(n, ǫ) of Uq are defined as follows:
I(n, ǫ) = Uq{t− ǫq
−n−2, en+2, (C − ǫc)2} and J(n, ǫ) = Uq{t− ǫq
−n−2, en+2}
where c =
qn+1 + q−n−1
(q − q−1)2
. We consider the Uq-modules T (n, ǫ) = Uq/I(n, ǫ) and S(n, ǫ) = Uq/
J(n, ǫ), and call T (n, ǫ) a T module.
Similarly as in the classical case (cf. [5]):
Lemma 2. Let L be the k-span of {f iej| j ≤ n+ 1, i, j ∈ N0}. Then Uq = L⊕ J(n, ǫ) and S(n, ǫ)
is a free U−q -module isomorphic to L.
An explicit description of the structure of T modules is given with the following theorem.
Theorem 1. The Uq-module T (n, ǫ) is generated by z =
n∑
i=0
ǫn−i
[n]![n− i]!
[i]!
f iei. Set v−1 = 0,
zn = 0 and, for i ≥ 0, vi = f
ien+1 and zn+1+i = f
iz. Then {vi, zn+1+i| i ≥ 0} is a k-basis of
T (n, ǫ). Moreover,
tzi = ǫq
n−2izi
fzi = zi+1
ezi = ǫ[i][n− i+ 1]zi−1 + vi−1
for i ≥ n+ 1 and {vi| i ≥ 0} is a k-basis of the Verma submodule of T (n, ǫ) with highest weight ǫq
n
and the usual Uq-action.
Proof. Denote the image of u ∈ L ⊆ Uq in S(n, ǫ) = Uq/J(n, ǫ) also by u (see Lemma 2). We
consider the action of t and C on S(n, ǫ). Since t · 1 = ǫq−n−21, then for i, j ∈ N0, j ≤ n+ 1,
t · f iej = tf iej · 1 = ǫq2(j−i)−n−2f iej . (2)
Clearly S(n, ǫ) = ⊕i≥0S(n, ǫ)ǫqn−2i and dimS(n, ǫ)ǫqn−2i ≤ n + 2 for all i. For 0 ≤ j ≤ n + 1,
it follows that C · ej = ǫcje
j + fej+1 where cj =
q2j−n−1 + q−2j+n+1
(q − q−1)2
and, since C is a central
element, C · f iej = ǫcjf
iej + f i+1ej+1 for i ∈ N0. Evidently cn+1−j = cj for all j. Moreover
c− cj = [j][n− j + 1] and therefore cj = c iff j = 0 or j = n+ 1.
4
Now, we consider S(n, ǫ)ǫc, the submodule of S(n, ǫ) where C − ǫc is locally nilpotent. Since
S(n, ǫ)ǫqn−2i is invariant under C for every i ≥ 0, it suffices to look for the generalized ǫc-eigenspace(
S(n, ǫ)ǫqn−2i
)
(ǫc)
ofC in each S(n, ǫ)ǫqn−2i . For 0 ≤ i ≤ n, C is given in a k-basis {e
n−i+1, fen−i+2, . . . , f ien+1}
of S(n, ǫ)ǫqn−2i by


ǫcn−i+1 0 . . . 0
1 ǫcn−i+2
. . .
...
0 1
. . .
...
. . .
. . . ǫcn 0
0 . . . 0 1 ǫcn+1


(3)
Its characteristic polynomial is charC(t) = (t − ǫc)p1(t) with p1(ǫc) 6= 0, and so
(
S(n, ǫ)ǫqn−2i
)
(ǫc)
is k-spanned by f ien+1, an ǫc-eigenvector of C. Similarly, S(n, ǫ)ǫqn−2i for i ≥ n + 1 has a k-basis
{f i−n−1, f i−ne, . . . , f ien+1} = f i−n−1 · (basis of S(n, ǫ)ǫq−n−2) and charC(t) = (t − ǫc)
2p2(t) with
p2(ǫc) 6= 0. Since C is central,
(
S(n, ǫ)ǫqn−2i
)
(ǫc)
has a k-basis {f ien+1, f i−n−1z} for some generalized
eigenvector z ∈ S(n, ǫ)ǫq−n−2 . Note that z =
∑n
i=0 αif
iei with αi = ǫ
n−i [n]![n− i]!
[i]!
does the job.
Namely, (C − ǫc)z =
∑n
i=0 αi
(
ǫ(ci − c)f
iei + f i+1ei+1
)
=
∑n
i=1 (−αiǫ[i][n− i+ 1] + αi−1) f
iei +
fn+1en+1 = fn+1en+1 and hence (C − ǫc)2z = 0. Therefore, a k-basis of S(n, ǫ)ǫc is
{f ien+1, f iz| i ≥ 0}. (4)
Consequently,
(C − ǫc)2 ≡ 0 on S(n, ǫ)ǫc. (5)
The action of e on the basis vectors from (4) follows from (2) and commutation relations (1).
Namely, ef iej = f iej+1 − ǫ[i][n+ 1 + i − 2j]f i−1ej for i ≥ 0, 0 ≤ j ≤ n+ 1 (here: f−1 = 0) and in
addition, by Lemma 1 and the definition of αi, ef
jz = −ǫ[j][n+ 1 + j]f j−1z + fn+jen+1 for j ≥ 0.
In particular, ef ien+1 = ǫ[i][n− i+ 1]f i−1en+1 for i ≥ 0 and ez = fnen+1.
Denote the image of 1 ∈ Uq in T (n, ǫ) = Uq/I(n, ǫ) also by 1. Similarly as in [5], observe
J(n, ǫ) ⊆ I(n, ǫ) and let ϕ : S(n, ǫ) → T (n, ǫ) be the induced Uq-module homomorphism with
ϕ(1) = 1. Note that ϕ induces a surjection Φ : S(n, ǫ)ǫc → T (n, ǫ) because C − ǫc is locally
nilpotent on T (n, ǫ). Due to (5), Φ is injective, thus a Uq-module isomorphism. Denoting the
image of u ∈ S(n, ǫ)ǫc under Φ again by u should cause no confusion. Setting vi = f
ien+1 and
5
zn+1+i = f
iz in T (n, ǫ) for i ≥ 0 and using the previous calculations, we obtain in particular
ezi = ǫ[n − i + 1][i]zi−1 + vi−1 for i ≥ n + 1. The remaining claims of the theorem are now
evident.
Schematically, T (n, ǫ) looks like
weights basis vectors
ǫqn · v0 ev0 = 0
e ↑↓ f
ǫqn−2 · v1
↑↓
...
...
↑↓
ǫq−n+2 · vn−1
↑↓
ǫq−n · vn
eր ↓ f
ǫq−n−2 zn+1 · · vn+1 ezn+1 = vn, evn+1 = 0
f ↓ e ↑ր ↑↓
ǫq−n−4 zn+2 · · vn+2
↓ ↑ր ↑↓
...
...
...
The following is immediate.
Corollary 1. ([1, Proposition 3.10], [4, Proposition 4.3]) The Uq-modules S(n, ǫ) and T (n, ǫ)
belong to the category I = I (Uq(sl2)), T (n, ǫ) ∼= S(n, ǫ)
ǫc, T (n, ǫ) is complete and indecomposable,
and there exists an exact sequence
0→M(ǫqn)→ T (n, ǫ)→M(ǫq−n−2)→ 0.
Moreover, if M is a Uq-module in I such that M =M
ǫc and v ∈Mǫq−n−2 , then the map x 7→ xv of
Uq into M factors through T (n, ǫ).
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Now, notice that vn+1 ∈ T (n, ǫ) generates the Verma module M(ǫq
−n−2), and consider the
Uq-module T (n, ǫ)/M(ǫq
−n−2).
Proposition 1. There is a short exact sequence
0→ V (n, ǫ)→ T (n, ǫ)/M(ǫq−n−2)→M(ǫq−n−2)→ 0
where V (n, ǫ) is the irreducible Uq-module of dimension n+ 1 and highest weight ǫq
n.
Proof. This is immediate from the filtration T (n, ǫ) ⊃ M(ǫqn) ⊃ M(ǫq−n−2) ⊃ 0, the point being
that T (n, ǫ)/M(ǫqn) ∼=M(ǫq−n−2) and M(ǫqn)/M(ǫq−n−2) ∼= V (n, ǫ).
The following result will be used only at the end of Section 3 to keep the paper as self-contained
as possible.
Proposition 2. ([1, Proposition 3.11], [4, Proposition 4.5]) (i) The M(λ) (λ ∈ k×) and the
T (n, ǫ) (n ∈ N0) are precisely all the indecomposable objects of the category I.
(ii) Every module in I is a direct sum (not necessarily finite) of indecomposable ones.
Remark 1. In [14], k = C(q) was used for convenience. No restriction on the field k is needed other
than chark 6= 2.
3 CATEGORY O AND RESTRICTED DUALS
Let O (Uq(g)) (cf. [1, 10, 14]) denote the category consisting of Uq(g)-modules M such that
(1) M is a weight module, i.e. M = ⊕ω∈ΩMω for some Ω ⊂ (k
×)l, (2) dimMω < ∞, and (3)
P (M) ⊂ ∪1≤i≤sD(xi) for some s ∈ N and xi ∈ (k
×)l (1 ≤ i ≤ s) where D(xi) = {y ∈ (k
×)l| y ≤ xi},
i.e. weights are contained in finitely many cones.
Evidently Uq(g) has an involutory antiautomorphism σ such that σ(ei) = fi, σ(fi) = ei and
σ(ti) = ti. The following is the q-analogue of [7, Proposition 4.6]. Define the restricted dual M
res
of M in O (Uq(g)) by M
res = {f ∈M∗| f(Mω) = 0 for all but finitely many weights ω of M} where
M∗ = Hom (M,k). Uq(g) acts on M
res via σ:
(uf)(m) = f (σ(u)m) for allm ∈M,u ∈ Uq(g), f ∈M
res.
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Denote M res with this action by Mσ.
As usual the formal character of M is defined as ch M =
∑
ω∈Ω(dimMω)e
ω where eω is defined
formally to be the basis element of the group algebra Z[Ω] corresponding to ω ∈ Ω.
Proposition 3. Let M ∈ Ob O (Uq(g)). Then
(i) Mσ admits a weight space decompositionMσ = ⊕ω∈ΩM
σ
ω withM
σ
ω = {f ∈M
∗| f(Mµ) = 0 ifµ 6= ω}
(ii) Mσω
∼= (Mω)
∗ as k − vector spaces
(iii) Mσ ∈ Ob O (Uq(g))
(iv) ch Mσ = ch M
(v) M ∼= (Mσ)σ
(vi) M →Mσ is an exact contravariant functor of O (Uq(g)) onto itself
(vii) V (ω)σ ∼= V (ω) for all ω ∈ ΩwhereV (ω) is the irreducible Uq(g)−module with highest weight ω
(viii)IfM = ⊕i∈IMi whereMi ∈ Ob O (Uq(g)) , thenM
σ ∼= ⊕i∈IM
σ
i .
Proof. The statements (i) − (vii) have basically the same proofs as in the classical case (cf. [7,
Proposition 4.6], [10, Proposition 2.6.16]).
(viii) Define Ni = {f ∈M
σ| f(Mj) = 0 for j 6= i}. Then M
σ = ⊕i∈INi ∼= ⊕i∈IM
σ
i .
Next, we find the restricted duals of Verma modules and T modules in O = O (Uq(sl2)).
Let λ ∈ k×. The Verma module M(λ) has a basis {vi}i≥0 where vi = f
iv0. Then tvi =
q−2iλvi, fvi = vi+1, and evi = [i]
q1−iλ− qi−1λ−1
q − q−1
vi−1 (v−1 = 0). By Proposition 3, M(λ)
σ =
⊕µM(λ)
σ
µ = ⊕i≥0M(λ)
σ
q−2iλ
where M(λ)σ
q−2iλ
= {f ∈ M(λ)∗| f((M(λ)µ) = 0 for all µ 6= q
−2iλ}.
Since M(λ)σ
q−2iλ
∼=
(
M(λ)q−2iλ
)∗
, dimM(λ)σ
q−2iλ
= 1. For each i ≥ 0, define v∗i ∈ M(λ)
∗ by
v∗i (vj) = δi,j (the Kro¨necker delta) for all j ≥ 0. Then v
∗
i ∈ M(λ)
σ
q−2iλ
, and so {v∗i | i ≥ 0} is a
k-basis of M(λ)σ.
For i, j ≥ 0, (ev∗i )(vj) = v
∗
i (σ(e)vj) = v
∗
i (fvj) = v
∗
i (vj+1) = δi,j+1 = δi−1,j . Hence ev
∗
i = v
∗
i−1.
Similarly, fv∗i = [i+ 1]
q−iλ− qiλ−1
q − q−1
v∗i+1 (i ≥ 0). Thus fv
∗
i = 0 iff λ = ±q
i. Moreover, if λ =
ǫqn (n ∈ Z), then fv∗i = ǫ[i+ 1][n− i]v
∗
i+1.
Now, utilizing the structure of T modules obtained in the previous section, we explicitly find the
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action of Uq on T (n, ǫ)
σ where n ∈ N0. By Proposition 3, T (n, ǫ)
σ = ⊕i≥0T (n, ǫ)
σ
ǫqn−2i
and
dim T (n, ǫ)σǫqn−2i =


1, if 0 ≤ i ≤ n
2, if i ≥ n+ 1.
Recall the k-basis {vi| i ≥ 0} ∪ {zi| i ≥ n + 1} of T (n, ǫ) from Theorem 1. For each i ≥ 0, define
v∗i ∈ T (n, ǫ)
∗ by v∗i (vj) = δi,j for j ≥ 0 and v
∗
i (zj) = 0 for j ≥ n+1. Also, for each i ≥ n+1, define
z∗i ∈ T (n, ǫ)
∗ by z∗i (vj) = 0 for j ≥ 0 and z
∗
i (zj) = δi,j for j ≥ n+ 1. Evidently v
∗
i and z
∗
i belong to
T (n, ǫ)σ
ǫqn−2i
and hence, by dimension count, {v∗i | i ≥ 0} ∪ {z
∗
i | i ≥ n+ 1} is a k-basis of T (n, ǫ)
σ.
Since T (n, ǫ) contains a submodule spanned by {vi| i ≥ 0} isomorphic to M(ǫq
n), we utilize the
previous calculations for v∗i restricted to M(ǫq
n). For j ≥ 0, we have (fv∗i )(vj) = ǫ[i+1][n− i]δi+1,j.
For j ≥ n + 1, (fv∗i )(zj) = v
∗
i (ezj) = v
∗
i (ǫ[j][n − j + 1]zj−1 + vj−1) = v
∗
i (vj−1) = δi,j−1 = δi+1,j .
Thus, for i ≥ 0, fv∗i = ǫ[i + 1][n− i]v
∗
i+1 + z
∗
i+1 which is never 0. (Here, we set zj = 0 and z
∗
i = 0
for i, j < n+ 1.) Similarly, for i ≥ n+ 1, fz∗i = ǫ[i+ 1][n− i]z
∗
i+1 which is also never 0. Moreover,
ev∗i = v
∗
i−1 for i ≥ 0 and ez
∗
i = z
∗
i−1 for i ≥ n+ 1.
Therefore, T (n, ǫ)σ looks like
weights basis vectors
ǫqn · v∗0 ev
∗
0 = 0
e ↑↓ f
ǫqn−2 · v∗1
↑↓
...
...
↑↓
ǫq−n · v∗n fv
∗
n = z
∗
n+1
f ւ ↑ e
ǫq−n−2 z∗n+1 · · v
∗
n+1 ez
∗
n+1 = 0
e ↑↓ f f ւ↓ ↑ e
ǫq−n−4 z∗n+2 · · v
∗
n+2
↑↓ ւ↓ ↑
...
...
...
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Theorem 2. Verma modules M(λ) where λ 6= ǫqn for n ∈ N0 and T modules T (n, ǫ) for n ∈ N0
are self-dual.
Proof. The first part of the statement follows from Proposition 3 (vii). However, it can also be seen
directly from the Uq-structure of M(λ)
σ obtained above since in this case M(λ)σ is a highest weight
module generated by v∗0 of weight λ that is U
−
q -torsion free, and therefore M(λ)
σ ∼= M(λ).
For the second part of the statement, define v#i = f
iv∗0 for i ≥ 0 and z
#
i = ǫ
n([n]!)2f i−n−1v∗n+1
for i ≥ n+ 1. We see from the preceeding calculations and commutation relations (1) that the Uq-
action on the basis {v#i }i≥0 ∪ {z
#
i }i≥n+1 of T (n, ǫ)
σ is the same as on the basis {vi}i≥0 ∪ {zi}i≥n+1
of T (n, ǫ) from Theorem 1, and so the theorem follows.
Remark 2. Inductively,
v#i =


ǫi ([i]!)
2 [n
i
]
v∗i , 0 ≤ i ≤ n
ǫi−1(−1)i−n−1([n]![i− n− 1]!)2
[
i
n+1
]
z∗i , i ≥ n+ 1.
(6)
Corollary 2. For n ∈ N0, there is a Uq-module isomorphism
M(ǫqn)σ ∼= T (n, ǫ)/M(ǫq−n−2).
Proof. By Corollary 1, Proposition 3 (vi), and Theorem 2, the following diagram of Uq-modules and
Uq-module homomorphisms
0 → M(ǫq−n−2) → T (n, ǫ) → T (n, ǫ)/M(ǫq−n−2) → 0
θ′ ↓∼= θ ↓∼= ψ ↓
0 → M(ǫq−n−2)σ → T (n, ǫ)σ → M(ǫqn)σ → 0
is commutative with exact rows. Here, θ : T (n, ǫ)→ T (n, ǫ)σ is a Uq-module isomorphism and θ
′ is
its restriction to M(ǫq−n−2). Therefore, the induced map ψ : T (n, ǫ)/M(ǫq−n−2) → M(ǫqn)σ is a
Uq-module isomorphism, as well.
Remark 3. Utilizing Proposition 2, we can give a different proof of the second part of Theorem 2.
Indeed, the discussion prior to Theorem 2 shows that T (n, ǫ)σ belongs to the category I, i.e. T (n, ǫ)σ
is a weight module on which e acts locally nilpotently and it is easily seen that f acts injectively.
Moreover, by Proposition 3 (v) and (viii), T (n, ǫ)σ is indecomposable because T (n, ǫ) is. Now, it
follows from the weight space structure of T (n, ǫ)σ and Proposition 2 (i) that T (n, ǫ)σ ∼= T (n, ǫ).
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The next corollary follows immediately from Proposition 2 and Proposition 3 (viii).
Corollary 3. The restricted duals of modules belonging both to the category O (Uq(sl2)) and the cate-
gory I (Uq(sl2)) are direct sums of modules from the set {T (n, ǫ), M(ǫq
−n−2), T (n, ǫ)/M(ǫq−n−2)|n ∈
N0, ǫ = ±1}.
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